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In the casting process, regions of porosity can be reduced oreliminated through the
implementation of taper, or small angled additions of mass on the boundaries of the part
design, before risers are placed on the casting. Taper supplements the effect of risers so that
a smaller riser volume is necessary to make a casting sound. Typically, taper is determined
for a casting by using industry guidelines that were developd for simple two-dimensional
simplifications of a complex casting. There is no accepted method of defining taper directly
on part geometry aside from using expert opinions to make final decisions on taper locations
and size.
An optimization of taper geometries is performed on two-dimensional casting models
to determine if a Niyama based optimization of taper directly on a part design is possible.
The Niyama criterion identifies small regions of solidification shrinkage that correspond to
shrinkage porosity in casting simulations. The taper optimization was performed on a plate
with riser model and a spindle cross section model to determine the effectiveness of the
optimization method for multiple geometries. This work conludes that taper optimization
based on Niyama constraints is possible and effective, but care must be taken when deter-
mining the design space of the taper. It was found that the surface cooling rates of a casting
can identify effective locations to taper so optimizationscan be performed specifically on




G Spatial thermal gradient
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Casting is a manufacturing technique where a part is made by pouring molten metal, such
as steel, into a mold of a part and letting it cool until it is solidified. In industry, castings
are performed at foundries. Casting is beneficial in the manufact ring world because parts
of complex geometry can be made without additional manufactring processes such as
milling or forging. All of the part features will be created as result of the molten metal
solidifying in the mold cavity. Another benefit of casting isthe ease with which large
quantities of identical parts can be produced. If the designof a cast yields a defect-free, or
sound, cast then casting can be a very efficient and high quality process.
There are many types of casting processes, each having theirown respective benefits.
Gravity casting is the most basic, where molten metal is aided by gravity to fill the mold
cavity. Two other methods are pressure die-casting and centrifugal casting. They use added
pressure to push metal into the mold. Gravity casting is the most common practice because
it does not require an apparatus to provide pressure or rotation during solidification. Gravity
casting is also the method of choice for castings with large mold cavities. A large mining
truck wheel spindle is analyzed in this work, so gravity casting is the focus of the analyses in
this document. Figure1.1shows a Caterpillar Inc. mining truck to illustrate the magnitude
of a large spindle. Pressure die-casting is best utilized for highly intricate castings, such as
engine blocks, because narrow cavities can solidify too quickly for a gravity cast to fill the
mold completely as seen in Figure1.2. Centrifugal castings take advantage of rotational
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symmetry in a part by rotating the mold as molten metal is poured into it for an even
distribution of cast material [1].
Figure 1.1: Caterpillar Inc. 777 Off Highway Truck [2]
Figure 1.2: High-Pressure Die-Cast Aluminum Alloy Engine Block [3]
Gravity castings are produced by filling a series of cavitiesinside a mold, as seen in
Figure1.3. Molten metal enters a sprue and flows through a runner towardthe part cavity.
The metal then enters the part cavity through a gate. A riser can be placed on a casting to
allow for extra material to flow through the cavity. Risers also provide supplemental back
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flow into the part cavity to aid in the solidification process.The riser is connected to the
part cavity with a gate much like the sprue/runner system. Should a part have a hole feature,
a core is used to block the molten metal from solidifying in the core region to create the
feature. Sprues, risers, and gating systems are all integral in the manufacturability of metal
castings, but they end up becoming extra material that must be crapped when the part is
complete. Cores are removed from the part after solidification.
Figure 1.3: Casting Terminology [4]
In most castings, the mold is designed in two parts: the cope and the drag. The cope is
the top half of the mold and the drag is the bottom half. This isseen in Figure1.3. When the
cope and drag are connected, they meet at their center parting line. This molding technique
is utilized for easier mold creation. If the mold were not split into two parts, then the part
pattern, or the shape around which a mold conforms, could notbe removed from the mold.
This part pattern is known as a permanent pattern because it is removed from the cope and
drag to be used for creating many molds. These patterns can bevery xpensive since their
geometry determines the accuracy of the mold cavity. There are expendable patterns that
can be left in the mold that get burned out when the molten metal enters the mold but for
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intricate or very large castings, permanent patterns are typically used.
Once a pattern of a part is created, molds can be created around the pattern numerous
times. A mold can be permanent or expendable. A permanent mold is made of a strong
material, such as steel or iron, which has a higher melting point than the metal being cast.
These molds are used repeatedly for many castings. Permanent molds are used, for exam-
ple, in pressure die-casting. An expendable mold is used forlarge castings or if only a few
of a particular part need to be cast. Expendable molds are typically made of bonded sand
because it is inexpensive, reusable, and withstands very high temperatures. This is ideal
for steel castings where temperatures can reach up to 1600◦C. Sand molds are defined by
the type of bonding agent used in them. Some examples of bonding agents are clay and
silica gel. The bonding agent in this work was not specified bythe project sponsor but the
material properties of the sand were provided for simulations.
The benefits of expendable molds come at a price. Sand can break off of the mold and
enter the casting if the mold is not packed properly. This defect is called a sand inclusion as
seen in Figure1.4. Sometimes, the sand can burn onto the finished part. This is very hard
to remove from a casting. If the mold is made to specification,then these defects should be
avoided, but each pour of a casting has its own unique properties, so these defects cannot
always be avoided. Large cast parts are most easily cast withsand molds so it is important
to pour a cast at optimal designed conditions. If the part cannot be cast properly, the part
would have to be machined from an ingot of metal, which would increase the time and cost
required to manufacture the part.
Once a part pattern design is determined, it is sent to a foundry for a test pour. A cast-
ing must be evaluated before it is sent to production to checkwhether the design will yield a
sound part. Traditionally, casting experts will look at thepart design and make suggestions
to a design engineer on how to manipulate geometries that they feel will lead to casting
defects such as porosity. Porosity is defined as the holes that form in a casting during the
solidification process. Two types of porosity are gas porosity and shrinkage porosity. Gas
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Figure 1.4: Radiograph View of Sand Inclusions [5]
porosity is the result of gas being trapped in the metal casting. Shrinkage porosity can re-
sult from non-directional solidification. The preferred outcome of directional solidification
requires that a casting solidify last within the sprues and or risers. Shrinkage porosity can
be seen in Figure1.5. Taper, or angled additions of mass on a casting, can also induce
directional solidification with a significantly reduced amount of material as compared to a
riser. Taper can be used in conjunction with risers to produce a sound casting.
Gas porosity is a casting defect where gas that is released during the phase change of
metal from liquid to solid becomes trapped within the casting. As metal cools, some gas
escapes as bubbles traveling through the liquid metal medium and out through the semi-
permeable mold [5], or through gas vents. Once the casting begins to solidify,some of that
gas becomes trapped within the casting, which creates voidsin the final product. Some
solve the gas porosity problem by adding a chemical element into the melt that combines
with the gas to create an oxide that can be filtered out of the casting with a well, but this
raises the potential for inclusions of that oxide in the finalp rt [1].
Shrinkage porosity is a casting defect that occurs because liquid metal occupies more
volume than solid metal. As the metal changes phase from liquid to solid, the liquid so-
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lidifies towards solid metal. This occurs at the solidification front where isotherms, or
lines of constant temperature, are at the solidification temperature of the metal. Isotherms
can become isolated within a casting, which is called a hotspot. Hotspots can have cav-
ity shrinkage if they are not fed sufficiently with liquid metal. Risers are placed next to
hotspots to supplement liquid metal flow in the mold cavity sothat the hotspots occur out-
side the part geometry and within the riser. Taper can be design d on a casting to promote
the feeding effects of risers.
Within the family of cavity shrinkage porosity is spongy porosity. This porosity occurs
at microscopic hotspots that cause the metal to look like a sponge (Figure1.5). This casting
flaw can reduce a part’s structural integrity. It also can reduc the part’s ability to maintain
pressure if it is a pressure vessel.
Figure 1.5: Radiograph View of Spongy Porosity [5]
Methods such as radiography, sectioning, and excavation byblowtorch are imple-
mented to check for regions of porosity within the part. Should these defects be found,
the part can either be fixed by welding new metal to the excavated porous regions, or the
part can go back to the drawing room for a design reevaluation. There, riser and sprue
placement, part geometry, and even casting pour orientatiore discussed to determine an
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alternative method of casting the part to ensure soundness.A common theme in casting
design is that the refinement process of part soundness is based on expert opinion and trial
and error.
Computer simulations of the casting process can be used to identify potential casting
defects before they are sent to the foundry. Packages such asMagmasoft [6], Procast[7],
and Sutcast[8] can be used to model the entire casting process, including mold filling and
solidification. Abaqus [9] is a finite element analysis tool that can model individual aspects
of solidification, such as heat conduction. This is the process modeled in this document.
Defects such as shrinkage porosity can be predicted using solidification metrics such
as the Niyama criterion [10] with the simulation tools just listed above. Another simulation
metric for identifying porosity defects is the solid fraction of the material, which shows
the percentage of solid metal to liquid metal throughout thecast during solidification. If
there are regions of low solid fraction isolated within highsolid fraction metal during the
solidification process, shrinkage porosity can occur. Solid fraction can show where micro-
shrinkage can occur, but the Niyama criterion is better at determining locations of finer
micro-porosities such as spongy porosity or centerline shrinkage [8]. Should a point within
a cast have Niyama values below a critical value, shrinkage porosity will likely occur. With
the use of these simulations, cast test pours can be performed on computers to make better
recommendations on casting the part properly.
Researchers have performed work to investigate the use of risers to eliminate critical
Niyama regions within a cast. Riser volume has been most heavily researched with respect
to the Niyama values within a casting to minimize the required volume of a riser to induce
effective directional solidification. What has not been explored is the manipulation of part
geometry to affect the directional solidification within a csting. Directional solidification
can be designed into the geometry of the part with taper rather than forcing it with risers and
sprues. Taper is usually applied to a casting to allow for easy removal from cope and drag
based castings. If a part’s geometry is flexible, taper can bei tegrated into the part design
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so that machining is not required to remove the taper. The goal of this work is to use the
Niyama criterion as a basis for a part geometry optimizationwith respect to taper lengths
and heights. This will lead to conclusions about the effectiv ness of using the Niyama
criterion as an optimization metric for defining taper on a casting. By manipulating taper
to eliminate regions of porosity, the total volume of riserscan be reduced, which increases
part yield and in turn decreases manufacturing costs.
1.2 Document Summary
This document sets the groundwork for a simulation analysistechnique that identifies lo-
cations to place taper on a casting to eliminate porosity with minimal additions of mass.
Rather than using prior casting experience to create taper that educes porosity, solidifica-
tion parameters are identified that aid in an efficient tapering path on steel alloy castings
in sand molds. Taper lengths are determined using finite element data from a solidifica-
tion simulation and are used to make informed decisions about creating an optimal part
geometry that induces directional solidification to promote a sound casting.
Chapter2 begins with a literature review containing information about solidification
defects, solidification modeling techniques, and heat transfer optimization methods. A
discussion of the models used in this work is found in Chapter3, describing the validity
of the geometric and finite element assumptions for each model. The responses of these
models are also discussed in this chapter. The analysis techniques and the subsequent
optimizations performed in the work appear in Chapter4. Lastly, the results of each model
analysis are discussed in detail with conclusions for each analysis in Chapter5. A summary
of the work in this document is found in Chapter6.
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Literature Review and Theory
The focus of this work is to perform an exploration of the transie t non-linear heat con-
duction in a casting solidification simulation. There have be n many researchers who have
done work in this field. A literature review was performed to investigate if any work has
been done in the optimization of a casting using the Niyama criterion. This review also
determined what type of optimization methodologies would be appropriate for eliminating
porosity regions in a casting for taper area minimization.
2.1 Cast Modeling Background
Metal solidification is the phase change of metal from liquidto solid states. This process is
non-linear because molten metal material properties change with respect to temperature as
the metal cools from high temperatures. Properties such as den ity, thermal conductivity,
and enthalpy must be modeled correctly through changes of temperature to simulate solid-
ification trends that are representative of castings at a foundry. The material properties in
this work were provided by Caterpillar Inc. to aid in the solidification simulation of a steel
alloy.
The entire solidification process has been detailed in the text Solidification [11]. It
ranges in context from the governing equations for modelingthe fluid flow of metal into a
cast to the solidification process and how to account for its gas, liquid, and solid interac-
tions. Modeling of the solidification process requires different assumptions depending on
the casting process of interest. For continuous castings, for creating ingots of metal, one
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needs the fluid, heat, and mass transfer to be modeled to appropriately capture the response
of that system [12]. Some look specifically at the formation of shrinkage porosity by ob-
serving the heat transfer during the solidification processwhile maintaining the governing
equations for a mushy region or the boundary at the solid liquid interface ([13], [14]).
These aforementioned models are analytical because the governing equations that describe
the physics of the solidification are directly accessible for calculations and analysis. Be-
cause calculations of the solidification process are computationally expensive and because
simulation software is used heavily in industry, a surrogate model is employed in this work.
Surrogate models are considered a “black box” approach, in tat they do not disclose their
simulation equations directly for analysis. They only provide the model responses during
the simulation and the element based governing equations for checking the theory behind
a simulation.
2.2 The Niyama Criterion
The Niyama criterion is a solidification metric that is calculated at every node of a part
mesh in casting simulations to determine locations of micro-shrinkage in a casting. This
mesh is a discretized representation of a part so that finite element or finite volume pack-
ages can calculate the response of that part during a physical process like solidification. If
the Niyama value of a node in a simulation is below a critical value, then that node can
have micro-shrinkage. It was first developed in 1982 by Niyama et al. [10]. Niyama et
al. compared experimental and simulated solidification respon es and developed a ratio of
two casting parameters that had applicability in castings of many alloys, shapes and sizes.
This ratio, later to be called the Niyama criterion, was calculated by a simplified solidifica-
tion model that takes into account grain structure, solid fractions, and fluid flow in mushy
regions. The derivation shows that the Niyama criterion is afactor that helps define the
pressure drop in the mushy region of the solidifying metal and not just an empirical value
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that was found through simulation and experimentation. Thetext Solidification [11] has a
more in-depth derivation of the theory behind the Niyama criterion.
The Niyama value (Ny), found in Equation2.1, is a ratio of the thermal gradient (G)







The Niyama evaluation temperature for the steel alloy in this work is 1434◦C as de-
fined by Equation2.2from Carlson, Ou and Hardin [15] where Tliquidus is the temperature
at which the cast material is entirely in a liquid state, Tsolidus is the temperature at which
the cast metal is entirely in a solid state.
Teval = Ts + 0.1(Tl − Ts) (2.2)
The evaluation temperature defined in their work is 10% abovethe solidus temperature,
which yields a smaller Niyama value for each node when compared to the Niyama val-
ues evaluated at the solidus temperature. The choice of Niyama evaluation temperature
is dependent on how conservative of a solution one wants for acasting. Carlson et al.’s
evaluation temperature is more conservative than Niyama’soriginal evaluation tempera-
ture. A conservative Niyama result can be ideal when minimizing the added material to a
casting to eliminate shrinkage porosity. If the Niyama soluti n was not conservative, then
there would be a greater chance that the simulation result cold underestimate the Niyama
profile in a casting design and not correct the porosity problem at the foundry.
The Niyama value can be calculated in two different ways. WhenNiyama first pub-
lished his criterion for porosity, assumptions were made about the thermal gradients and
cooling rates of a node within the cast mesh. The thermal gradient was calculated in eight
different directions from the node of interest and the largest gradient was chosen for use
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in the Niyama calculation. The cooling rate was calculated as an average over the entire
solidification temperature range (Equation2.3). In Equation2.3, Ṫaverage is the cooling rate
of the old Niyama calculation and tsolidification is the time it takes for a casting to reach the





This method of calculating Niyama yields a less sensitive Niyama value with respect to the
casting because the cooling rate is not physically accurate. Not all of the positions within
a casting solidify in the same manner because of geometric inacies such as risers, end
zones, and thin sections. The averaging of the cooling rate ignores these factors and in turn
yields a less informative Niyama value.
A more recent calculation of the Niyama value is used in this work. This calculation
is aided by simulation software and calculates the thermal gradients and cooling rates of
every node within a casting. The thermal gradient is the magnitude of the spatial thermal
gradients at a node but the major difference between these two calculations is the cooling
rate. The cooling rate is a temporally localized cooling rate that is dependent on the time
increment at the Niyama evaluation temperature (Equation2.4). In Equation2.4, Ṫlocal
is the localized cooling rate used in more recent Niyama calcul tions, Teval−1 is the tem-
perature of a node at the time increment just before solidificat on, and tsolid,inc is the time
increment just before Teval. The Niyama values calculated in this manner represent solidi-
fication shrinkage more effectively because it only looks atthe solidification parameters in





Researchers have performed work to further investigate the validity and effectiveness
of the Niyama criterion. In 2002, Carlson et al. published work regarding the Niyama
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criterion and its capability for determining the feeding distance of a riser [15]. This pa-
per extends the work in Niyama’s 1982 paper in that they studied the relationship between
simulation results and radiographic data from casting trials. Their work covered a broader
spectrum of casting geometries, such as in the Redbook [16], which is a feeding and ris-
ering manual for steel castings, to validate their comparison. Ou et al. [17] performed
the continuation of the feeding distance work. Their findings show that using the Niyama
criterion to develop feeding rules yields a longer riser feeding distance than the feeding
guidelines determined with radiographic data.
Carlson and Beckermann [18] presented an approach for a dimensionless Niyama
value that takes into account thermal and solidification prope ties. The benefit of such an
approach would allow for a generalized equation for determining a critical Niyama value
based on cast and mold materials to identify a simulation’s porosity regions. Sigworth
argues the aforementioned findings because he believes thatthe Niyama value should not be
used to predict porosity because porosity formation is driven by freezing rate (cooling rate)
and gases in the melt [19]. Carlson and Beckermann reply that Niyama predicts shrinkage
porosity and not gas porosity so their methodology can be applied with that limitation in
mind [20]. The Niyama criterion predicts potential sites of porosity. Since each cast pour
has its own unique properties, there is never a 100% certainty tha shrinkage pores will
develop within critical Niyama regions.
There has been experimental work studying the Niyama criterion in alloys other than
pure steel since casting is performed with a multitude of materi ls. Carlson and Becker-
mann have done experimental and theoretical work investigating Niyama in nickel-based
alloys and determined critical Niyama values that predict mi ro and macro-shrinkage [21].
They also have done similar work on aluminum and magnesium based lloys [18].
The Niyama criterion has been a trusted metric in the castingindustry for identifying
shrinkage porosity within castings in solidification simulations. It will be used in this
document as a convergence criterion in taper area optimizations by ensuring that a taper
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solution reduces or eliminates regions of porosity in a casting.
2.3 Cast Optimization Background
Optimization in the casting industry can be performed on many casting parameters. For
example, risers can have their volumes minimized while maintaining that a part geometry
has no critical Niyama values. Another example is optimizing a gate diameter to allow
molten metal to flow for a maximum amount of time into a mold cavity before the gate
solidifies and restricts metal flow in computational fluid dynamics simulations of casting.
The benefit of performing optimizations is that casting is a complicated process involving
many engineering principles such as fluid mechanics and thermodynamics, so determining
a cast design that will optimize a casting process response such as flow rate, or a minimized
porosity region in a casting may not be intuitive.
One casting area that has not had optimizations performed isin tapering method-
ologies. A taper optimization tool can be used in the part design process to improve a
part design before it ever reaches a foundry for pour testing. Typically, casting design-
ers will use their expert opinion to design a sound part. Theycan do this by breaking
down three-dimensional part geometries into simple two-dimensional plate geometries and
subsequently apply tapering strategies from industry guidelines such as those found in the
Redbook [16] to ensure that the plates will have proper metal flow within them. Those
taper solutions are then transferred back to the three-dimensional part geometry, but there
is no guarantee that the simplified taper will fix the porosityproblem within the three-
dimensional casting. It was mentioned in the introduction that taper can be used to help
eliminate critical Niyama regions but the guidelines in theR dbook were not developed
with respect to eliminating critical Niyama values. A taperoptimization method that aids
in developing taper directly on part geometry will reduce thneed for simplifying a part
into smaller plate-like approximations. Also, if the taperis designed and optimized to pre-
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vent critical Niyama values in a part, then the once separateprocesses of ensuring proper
flow and making a cast sound will be combined, which will in turn improve the part design
process. Before a taper optimization tool can be developed, optimization itself must be
understood.
Optimization is an analysis process that searches through varying designs of a model
in order to determine a design that will yield an optimum response in a system. An op-
timization problem is at a minimum defined by two things: design variables and a cost
function. The cost function is a response of a model that can be minimized or maximized,
such as part weight. The cost function is dependent on the design variables, which for ex-
ample can be the dimensions of a beam if the cost function is the weight of the beam. There
are two types of general optimizations: constrained and unconstrained. Constrained opti-
mizations restrict an optimization to a particular set of design variables to keep the search
region focused on a target design space. Unconstrained optimiza ons search through an
infinite number of designs to optimize a response. In engineeri g applications, constrained
optimizations are used most frequently because most designs require constraints such as
maximum stress allowed in a beam under a transverse load.
2.3.1 Response Surface Methodology
Optimizations can be performed directly on a model quickly,if the computational cost of
solving the model is inexpensive. Casting is a very expensivesimulation to perform, some-
times taking over a day to run one simulation, so a surrogate model can be developed by
a response surface methodology to reduce the number of simulat ons needed to perform a
design optimization. The response surface method capturesthe trends of a system using the
results of only a few simulations that have design variablesthat span an entire design space.
The response surface methodology, in the case of the initialframework for a Niyama based
taper optimization, will help determine optimum taper dimensions by running a minimal
number of simulations. The relationship between the distribu ion of taper and the Niyama
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values within the casting is necessary for optimization because not all taper geometries are
effective in removing porosity regions from a cast. With an accurately modeled response
surface, a taper minimization can be performed using an optimization tool like FMINCON
in Matlab [22].
To calculate a response surface, the general form of the response equation must be
determined. The analyses in this work use triangular tapersso there are two design vari-
ables; the length and height of the taper. A design variable is d noted as xm where m is the
mth design variable. To completely describe the dependence of the response on the design
variables, Equation2.5 is used, wherẽy is the response surface equation.




2 + β12x1x2 (2.5)
The response surface coefficients (βi) define the significance of individual design vari-
ables and the interactions between them. There are six response surface coefficients for
this two-dimensional system. A minimum of factorial two or th ee (2m+1 or 3m+1, re-
spectively) data points are suggested for a response surface to begin to capture trends in a
system. Like any curve fit, an excess of data points allows theresponse surface to better
capture the response of a system. Theβ0 coefficient is a correction factor for the response
surface. The coefficientsβ1 andβ2 are the linear dependencies of the design variables to
the response. The coefficientsβ11 andβ22 are the quadratic dependencies of the design
variables to the response to account for non-linearities. Theβ12 coefficient describes the
dependence of the interactions of the two design variables on the response. A response
surface can be comprised of any combination of response coefficients but for this work, the
linear, quadratic, and interaction terms suffice because ther are only two design variables.
Theβ values can be calculated usingXn,q whereX is the matrix of designs simulated, n
is the number of simulations performed, q is the number of respon e surface coefficients,
and (yn) is the vector of simulated data corresponding toX as seen in equation2.6. Each
response surface in this work was created in MATLAB using thefunction NLINFIT [22].
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β = (XTX)−1XTy (2.6)
2.3.2 Weighted-Stack Response Surface Methodology
Response surfaces are good at predicting the responses of thedesigns that are used to
generate it but the main reason for creating a response surface is to predict the response of
a design that is not simulated or tested. Riley [23] proposed an alternative response surface
formulation called Weighted-Stack Response Surface Methodology (WStack-RSM) that
uses N sample sets of p simulated data points to generate N normalized response surfaces
that are “stacked” together. The result of the stacked response surfaces creates a final
response surface that hasβ values that better predict non-simulated data without running
more simulations to validate the final response surface. N can range from 2 sample sets to p!
sets where each set is a non-repeated sample of the simulateddata. Equation2.7represents
the complete set of simulated data, equation2.8 represents a sample set of simulated data
that is used to make a sample response surface, and equation2.9 represents the excluded
data from y that is used to check the error associated with theresponse surface generated
from ya.
y = ya + yb = [y1, ..., yn] (2.7)
ya = [y1, ..., yp] (2.8)
yb = [yp+1, ..., yn] (2.9)
Each response surface has its error (R2norm in equation2.10) determined as the residual











With each of the N response surface errors calculated, the response surfaces can be
stacked by using equation2.11. Response surfaces with high error will contribute less than















This method is meant to reduce the uncertainty of a response surface’s prediction of
unsimulated design responses. When compared to a response surface that is generated us-
ing all of the simulated data, the WStack-RSM method may not reduc the error associated
with the predictions of the simulated data points but the method is not meant to change
the response surface but rather is meant to have more confidence in the response surface’s
ability to extrapolate responses without further simulation to validate the response surface.
2.3.3 Statistical Comparisons
In order to determine if a response surface represents a set of data that is comparable to sim-
ulation data, a two-sample t-test is performed. A two-sample t-test is a statistical practice
where two sets of randomly distributed data have their means(ȳ) and standard deviations
(σ) compared to determine if both sets of data come from the sameyst m. A null hypoth-
esis (H0) is posed that assumes that the two sets of data have equal means. The results of























The t-test can be performed with the aid of a t-value table such as the one in the text-
book Design and Analysis of Experiments [24]. This table shows t-values that determine
the percent confidence (α) that two data sets come from the same sample based on the
number of data points available to compare.
Performing a two sample t-test requires two sets of data of sample size n1 and n2, and
from that data the sample means (ȳ) and variances (S2) are calculated. S2p is the an estimate













1 + (n2 − 1)S
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2
n1 + n2 − 2
(2.15)
H0 is accepted if t0 is greater than the predetermined t-value from the table whereα
is the percent confidence that the two sample means are statistically from the same set of
data. n1+n2-2 is the number of degrees of freedom in the analysis. For this work,α = 95%
confidence was chosen for accepting H0.
AcceptH0 : |t0| ≤ tα/2,n1+n2−2 (2.16)
2.3.4 Cast Optimization Literature
Gradients and sensitivities of the response of a system mustbe found with respect to design
variables to perform an optimization. In analytical modelsthe sensitivities can be found di-
rectly by taking the partial derivative of the governing equations of the system with respect
to design variables, even in transient heat transfer problems [25]. In non-linear heat trans-
19
fer, like solidification, the sensitivities of the temperature dependent material properties can
be calculated in a similar manner [26]. The Niyama criterion is driven by temperature de-
pendent material properties, but the bigger picture for this work is that there is a specified
material being used for a casting. The goal is to manipulate prt geometry so that regions
of critical Niyama can be eliminated by the addition or subtrac ion of taper geometry.
Many have performed casting optimizations but none have considered the manipula-
tion of part geometry as the objective function with the Niyama values within a casting
as a driving optimization constraint. Most take into consideration the geometry and vol-
ume of a riser and use evolutionary topology optimization toreduce the volume of the
riser ([27], [28], [29]). Others have performed topology optimizations on steady-state heat
conduction problems by making uniform heat flux or heat conduction constraints on the
optimization ([30], [31]). Morthland et al. [32] worked on a Niyama based optimization by
performing a riser geometry optimization while using Niyama values as a constraint. They
eliminated critical Niyama regions within a casting by minimizing the volume of a riser to
subsequently increase cast yield while ensuring that the cast is sound. This is the closest
to the intended optimization of this report with the main difference being the objective of
the optimization; this work adjusts cast taper rather than riser volume. The difference is
important because the analyses shown later are meant for initial part design before risers
are set in place. Taper can be added to or subtracted from partsurfaces to condense or
eliminate Niyama regions. Following the taper placement, risers can be placed to clean up
the remaining Niyama regions.
2.4 Chapter Summary
All of these references have provided the base knowledge fordeveloping an analysis of a
metal casting with the Niyama criterion as a constraint for mini izing additional taper on a
part to eliminate critical Niyama values in the part. In order to perform a meaningful taper
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optimization, a robust solidification model must be developd to simulate the data points
needed for a response surface. Models used in this work are pres nted in Chapter3.
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Simulation Models
In order to perform any optimization, a workable and dependable model of a physical
process must be developed. These models can either be analytical, meaning the physics
of the process is represented by mathematical equations that are ccessible to an engineer,
or surrogate, meaning a simulation package such as ABAQUS isused as a “black box” to
generate simulation outputs. This chapter will develop themodels that represent the heat
conduction of the solidification process in the finite element package ABAQUS.
Casting simulations are typically performed on the three-dimensional representation
of the geometry to be cast. With the three-dimensional part one can perform a solidification
study without risers, a riser study to determine the effectsof riser placements on shrinkage
porosity locations, and even flow studies to see if the mold cavity will fill properly with the
gating system designed for a casting. A difficulty of three-dimensional casting simulations
is determining the locations of taper to most effectively promote directional solidification
to supplement the risers in ensuring a sound casting. What casting engineers have done in
the past is analyze a focused section of a casting by representing it as a two-dimensional
simplified geometry. For example, a gear casting can be approximated as multiple two-
dimensional plate castings as seen in Figure3.1.
The taper that is determined for the simplified geometry can the be transferred to the
three-dimensional geometry to see if the taper eliminates th shrinkage region. The taper
is calculated based on the simplified geometry length, thickness and width with the help of
tables and charts in the Redbook [16]. A goal of this work is to determine if taper can be
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Figure 3.1: 3-D Gear approximated as 2-D Plate Geometries [16]
calculated by only using a general taper form and optimizingthe parameters of that form to
eliminate shrinkage regions with the Niyama criterion as anoptimization constraint. This
will allow one to predict efficient tapering regions withoutconverting a part into smaller
less accurate casting representations to approximate a taper solution.
First, a two-dimensional flat plate model is derived to simulate a casting that will
have regions of porosity even with a riser. This model’s assumptions and responses are
discussed following the derivation of the model geometry. After that, a two-dimensional
planar spindle model is created for an analysis of a complex geometry.
3.1 Plate with Riser
3.1.1 Geometry
The model of the plate casting with riser that is used in a majority f this document was
derived using the Redbook [16] as a guide. The Redbook provides tables and charts that
help predict what geometries will yield regions of porositydue to solidification. Note that
each figure in this section only shows a casting but when the solidification is modeled, the
castings are all surrounded by a sand mold that is 25.4 mm thick.
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Figure 3.2: Three Dimensional Plate with Riser Model
Within castings, there are regions that are sound strictly based on the proximity of
liquid metal to a riser or the edge of the casting called the ris r zone length (RZL) or the
end zone length (EZL) respectively. The RZL and the EZL are defined in the Redbook
as the distances from the outer edge of a riser or outer edge ofthe plate within which
the solidified cast will be sound because “a thermal gradientexists in these regions that
promotes directional solidification and facilitates feeding flow” [16]. Equations3.1and3.2
from the Redbook show the equations for the EZL and RZL for flat ple geometries with













The RZL and EZL at smaller width to thickness ratios are represented by a 4th order
curve that defines taper with respect to the cast width to thickness ratio. This curve is found
in the Redbook. If the RZL and EZL overlap one another, then there should be no defects
within that overlap region. If those lengths do not completely overlap, such as in Figure
3.2, then there are regions of the casting, in this work called the critical zone (CZ), that
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have the potential for having shrinkage porosity.
The plate model that is used in this document is the cross section on the x-y plane
of the three-dimensional model in Figure3.2. This two-dimensional representation of the
plate was modeled because complex parts can be approximatedas wo-dimensional plates
to provide insight on tapering allowances when there is no standard for the complex geom-
etry. The plate is not a complex geometry but the methodologies in this report are meant
for a wide variety of castings and not just flat plates.
When making the transition from a three-dimensional plate wih riser model to a two-
dimensional plate with riser model, an assumption is made that affects the size of the sim-
ulated RZL. This assumption is that the riser has a rectangular vo ume that spans the width
of the plate. The x-y cross-section of a cylindrical riser isa rectangle. When looking at the
plate cross section, a two-dimensional model does not differentiate between a rectangular
or cylindrical riser or consider the finite bounds of a riser.The size of the CZ in the three-
dimensional cross-section model is reduced from the original three-dimensional model by
the shaded regions shown in figure3.3. The RZL spans the entire width of the plate in this
model but the EZL overlaps a majority of the new RZL. The heat transfer in the RZL and
EZL yield a sound cast so only the small shaded regions in Figure 3.3 are removed from
the original CZ by the extended rectangular riser assumption.
The last point of interest in the transition from a three-dimensional to a two-dimensional
model is the mold wall. The mold surrounds every face of the cast when represented in
three dimensions but the cross-section model cannot have any mold on the front or back
faces of the plate and riser. This does not affect the simulation results because there is no
heat transfer out of plane to the cross-section. Even if the mold could be modeled on those
faces, it would not affect the heat conduction of the two-dimensional model.
The riser in the flat plate model was also designed according the risering procedures
found in the Redbook. It states that the diameter and height oft e riser should be approx-
imately three times the plate thickness. Riser dimensions are approximate at best unless
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Figure 3.3: Three-Dimensional Geometry with Two-Dimensioal Assumptions
a volume optimization is performed on them. The riser was modeled in this way to make
certain that the riser dimensions are not outside of standard risering procedure.
The CZ was designed to exist in the plate model since there is noexperimental data
to provide a geometry that will yield porosity. This was doneby making the half length of
the plate longer than the sum of the RZL, EZL, and RR ( iser Radius).
To summarize, the geometry of the plate used in the simulation after applying the
equations in this section are found in Table3.1. The two-dimensional plate with riser model
is shown in Figure3.4. In this figure, HR and DR mean riser height and riser diameter
respectively.










Figure 3.4: Two Dimensional Plate with Riser Model
3.1.2 Finite Element Model
The finite element model of the flat plate is a mesh representatio of the plate so that a
physical process, heat conduction in the case of this work, may be simulated with a finite
element package such as ABAQUS. For the simulation of the flatplate, four finite element
parts were created to represent specific regions of the cast and mold. The first is the base
part (cast and riser) which was described in the previous section. The second and third
parts are the design space for a taper optimization. Taper height and taper length are the
design variables of the taper optimization. These design variables define which elements
within these regions will be cast or mold elements. Various taper designs will be simulated
in ABAQUS to determine the effect of the taper on the Niyama regions within the base
part. These regions are denoted DS Left and Right and lie between the base and the mold.
The last part is the mold which has a uniform 25.4 mm thicknesssurrounding the entire
cast. These parts can be seen in Figure3.5.
With a closer look at Figure3.5, one can see the structure of the triangular element
mesh of the two-dimensional model. Triangular elements were chosen because many three-
dimensional finite element simulations in industry employ tetrahedral elements. The two-
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Figure 3.5: Two Dimensional Plate Model Mesh
dimensional version of a tetrahedron is a triangle. ABAQUS uses two-dimensional three
node heat transfer elements (DC2D3) to simulate heat conduction. The structured nature
of the mesh is meant to help others understand the trends of the model responses between
simulations, meaning a node will always have the same globalposition for all simulations.
The base and DS parts have forced structured meshes and the mold has a free mesh ar-
rangement.
ABAQUS uses an Euler method to perform the transient conduction problem. A small
initial time increment on the order of microseconds was chosen to ensure that the rapid
change in material properties through the solidification process was captured by the solu-
tion. The material properties of each element are manipulated throughout the simulation by
an ABAQUS user subroutine called UMATHT. This user defined subro tine accepts tabu-
lar material property data and interpolates those properties based on a node’s temperature
to update each node’s material properties in the model at every increment of the transient
solution [9]. This subroutine also was written to calculate Niyama values of each node in
the simulation. It takes cooling rate and thermal gradient data from ABAQUS and calcu-
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lates the Niyama values for the entire element mesh at every time increment of the transient
solution process. Only the Niyama values near the solidification point are valid to define
the solidification shrinkage Niyama profile. An incrementalsearch through the Niyama
data of the simulation was performed to retrieve the proper Niyama values for each node in
the mesh.
The cast and mold nodes have their temperatures initializedat 1590◦C and 25◦C
respectively. The boundary condition on the outer edge of the mold wall is adiabatic,
meaning that no heat can leave the model through the mold wallto the atmosphere through
convection. The base, mold, and design space parts are connected to one another by tie
constraints to transfer the heat flux between one other. In ABAQUS, a tie constraint binds
the nodes of two adjacent part faces so that heat flux can flow between the separate parts. If
both part faces have identical mesh seeds, then the transferof h at flux goes from the master
face to the slave face at each part’s corresponding node. ABAQUS linearly interpolates the
heat flux between two master face nodes if the slave face has a more refined mesh than the
master face [9].
The plate with riser finite element model is useful for understanding how sensitive
critical Niyama regions in a casting are to manipulations inthe plate geometry. This in-
formation is used to make decisions regarding the effectiveness of a Niyama based taper
optimization in flat plate geometries. The flat plate has beenheavily researched in literature
so comparisons can be made between the tapering methodologies n the flat plate in this
work to existing plate tapering methodologies to ensure thevalidity of the plate with riser
simulation results.
3.1.3 Model Responses
This finite element model has the capability of recording many key outputs in the analysis
of the plate with a riser. The main responses of interest are critical Niyama area (Acrit,Ny)
the average Niyama value within those critical Niyama areas(N̄ycrit). The critical Niyama
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area describes the size of the porosity region in a casting and the average Niyama value
describes the severity of the porosity in those critical Niyama areas. Porosity is more
severe when the average Niyama value in a critical Niyama areis small. Other model
responses that are analyzed are the temperatures, cooling rates, and thermal gradients of
the nodes in the finite element simulation. Though cooling rate and thermal gradient are
used to calculate Niyama values, those fundamental heat transfer parameters may help
identify effective regions over which to taper.
Critical Niyama Area
The critical Niyama area in the casting is defined by elementsthat have critical Niyama
values in all of an element’s defining nodes. Depending on thegeometry of a casting, there
can be one or multiple critical Niyama areas. Sometimes a cast geometry will yield no
critical Niyama areas, but this is a rare occurrence. The goal of this work is to eliminate
these areas through additions of taper.
A mesh refinement study was performed on this model to find the minimum mesh size
necessary to yield a converged critical Niyama area.


















Figure 3.6: Critical Niyama Area Mesh Refinement (Ny = 0.7)
The critical area increases in size as the mesh becomes more refin d, as seen in Figure
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3.6. An element edge length of 1.25 mm was chosen for the flat plateanalysis to keep the
simulation time at 3 CPU hours. The critical area is not converged at this element edge
length because at smaller edge lengths than 1.25 mm, the critical Niyama area is larger. A
smaller element size can make each simulation take longer than one day (0.375 mm). With
the methodology complete, one can use a smaller element edgel n th to capture the true
response of the solidification.
Average Niyama Value
The average Niyama value in a critical area is a parallel model response to the critical
Niyama area. These two responses are dependent on one another i t at if the average
Niyama of a critical region is above the critical Niyama value determined for the cast alloy
(0.2 (◦C-s)1/2/mm for this work), then the critical area would not exist. Aninteresting
point lies in that statement. An increased average Niyama does n t necessarily mean that
the critical area has increased or decreased. For example, acast model’s initial response
yields a critical Niyama area of 100 mm2 and an average Niyama value in that critical area
of 0.185 (◦C-s)1/2/mm. If taper were added to the cast model and the resulting crtical area
increased in size, this taper would be considered a non-effective addition to the cast. On the
chance that the average Niyama value in this area increased to 0.19 (◦C-s)1/2/mm because
of the taper, then this taper would be considered an effective addition to the cast. Both
average Niyama and critical Niyama area must be taken into acc unt to correctly observe
the response of the solidification with respect to additionsf taper.
3.1.4 Critical Niyama Value for the Plate Model
A difficulty of the Niyama criterion is the correlation of what value of Niyama in a simula-
tion corresponds to shrinkage porosity in a casting. Critical Niyama values are alloy depen-
dent so a study must be performed to identify a critical valuefor each material. According
to Niyama’s experimental results for steel, a region enclosed by nodes with Niyama values
31
below 1.0 (◦C-min)1/2/cm or 0.775 (◦C-s)1/2/mm will exhibit solidification shrinkage [10].
For the flat plate model in this work, a critical Niyama value of 0.7 (◦C-s)1/2/mm evaluated
at 1434◦C yields a critical area that greatly oversteps the bounds ofthe CZ. Earlier it was
mentioned that the CZ was designed to be the region with critical values of Niyama. The
RZL and EZL dictate the location of the CZ and the nodes in the cast with Niyama values
below a critical value will yield shrinkage porosity; for this simulation, a critical Niyama
value exists so that both of these requirements are true.














Figure 3.7: Critical Niyama Area, Ny≤ 0.7 (◦C-s)1/2/mm














Figure 3.8: Critical Niyama Area, Ny≤ 0.2 (◦C-s)1/2/mm
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In Figures3.7 and 3.8, the CZ is represented by the vertical solid lines in the flat
plate section of the figure. Figure3.8 shows the Niyama values in the cast that are below
a critical value of 0.2 (◦C-s)1/2/mm. It was determined that a value of 0.2 (◦C-s)1/2/mm
for a critical Niyama value would suffice without further exploration by experimental data.
The lower row of critical nodes in Figure3.8 has some nodes that lie outside of the CZ
but this was deemed acceptable since the CZ in the two-dimensional model has a slightly
smaller area when compared to the three-dimensional plate model’s CZ as a result of the
assumptions made to model the two-dimensional plate. The exploration of what Niyama
value would yield a critical area that fits into the CZ in the two-dimensional model was
sparked by seeing a critical Niyama area that was much largerthan expected. If the critical
Niyama value is confidently known for a simulation, then thisexploration can be avoided.
3.2 Spindle Casting
3.2.1 Geometry
The second model in this work is a two-dimensional complex geom try. Specifically, it is a
spindle meant for use on a large mining truck. To get an idea ofthe scale of the geometry,
the height of the spindle is 2 m. The other dimensions are approximate but are designed
so that critical regions would result from the solidification process. The main reason for
choosing this part is that there are multiple critical regions and the geometry is not uniform.
Another note about this analysis is that it is a natural solidification, or solidification without
risers. Performing the taper analysis on the spindle will strengthen the argument for the
analysis methodology that is determined with the simple plate model.
As seen in Figure3.9the part itself has many unique features. There is a long uniform
neck at the top of the spindle, a thick central region, and three flanges that will act as
chills because they cool before the other regions of the spindle. The right hand side of
Figure3.9 shows the axi-symmetric geometry that is modeled in ABAQUS to perform a
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Figure 3.9: Spindle Geometry
two-dimensional analysis so that the simulation results can be consistent with the flat plate
model. The mold surrounding the cast is thick, on average greate than 175 mm on all
sides, so that the mold absorbs the heat from the casting effectively.
3.2.2 Finite Element Model
The finite element formulation of the spindle model is made with the same material proper-
ties as the flat plate model: steel alloy cast material and sanmold material. The boundary
conditions on the outer edges of the mold do not allow heat to leave the model. The model
responses of the spindle model are the same as those described in section3.1.3.
The element type used was ABAQUS two-dimensional triangular heat transfer ele-
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ments (DC2D3) rather than axi-symmetric elements. This decision was made after both el-
ement types were simulated and the resulting spatial Niyamaprofiles differed from one an-
other. The axi-symmetric spatial Niyama profile showed critical Niyama regions that were
favored closer to the symmetric boundary condition whereasthe planar spatial Niyama pro-
file shows more centralized Niyama locations as seen in Figure 3.10. The planar spindle
model was chosen because the analysis tools developed for the fla plate were for a planar
heat conduction simulation. The effects of using an axi-symmetric model formulation with
the taper analysis tools developed for the planar model can be i vestigated in future works.
Figure 3.10: Niyama Profile Comparison of Spindle Models
Figure3.11 shows how the mesh is created for the spindle simulations. Toreduce
the size of the model, a coarse mesh is used towards the outer edg s of the mold. The
cast has a uniform mesh in the cast. For a general analysis of the spindle simulation, the
average element edge length used is 5.0 mm. When a taper optimization is performed on
the spindle, the average cast element edge length is 2.5 mm toget a more accurate critical
Niyama area response.
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Figure 3.11: Spindle FE Mesh
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Analysis and Optimization
The models developed in the previous chapter are used to generat simulation data that are
used in taper analyses. These analyses are developed in thischapter by defining the design
variables and constraints necessary for developing meaningful response surfaces that are
used to determine effective taper geometries for eliminating the critical Niyama values in
the flat plate and spindle castings.
4.1 Plate Taper Geometry Optimization
The first analysis is on the taper of a flat plate with a riser. With the plate dimensions
given in Section3.1.1, taper can be calculated by using the taper design tables within the
Redbook. The Redbook taper was calculated to feed a casting so that there is little chance
of porosity developing in the cast. Though the taper in the Redbook was not developed with
the Niyama criterion as a driving constraint for a sufficienttaper, its tapering methodologies
are a good start for ensuring a sound casting. If the optimization of the taper geometry can
yield a comparable solution to the Redbook taper solution by using critical Niyama area and
the average Niyama value as solution constraints, then morecomplex geometries will be
explored. One of the goals of this work is to confidently use a Niyama based optimization
to mimic existing methodologies so that a more detailed optimization exploration can be
investigated.
Figure4.1shows the taper optimization problem. There are two design variables that
define the taper; x1 is the length of the taper, and x2 is the height of the taper. Note that
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Figure 4.1: Plate Taper Optimization Design Variable Definitio
the taper in Figure4.1 is only on the left side of the cross section model. Since the flat
plate figures in Chapter5 focus on DS left, the reported added area is the added area in this
design space and not both design spaces. The design space is discretized into triangular
elements which have their material properties defined by thetap r edge seen in Figure4.1.
Mold elements are above the taper line and cast elements are below the taper line. This
results in a stepwise triangle taper that is smaller than thesmooth triangle taper. The results
of an analysis of the actual simulated design variables willnot exactly reflect the response
of a smooth taper simulation. Each simulation is generated in the same manner so trends
found by the resulting critical Niyama area and average Niyama value response surfaces can
represent the flat plate taper response with adjusted sensitivities. A two-variable response
surface will be generated using simulation results from a dat set that spans the design
space of the design variables in the taper optimization problem as seen in Table4.1, where
constraint (a) is chosen if the optimization is on the critical Niyama area response surface
and likewise for constraint (b) for the average Niyama valueresponse surface. Optimum
taper geometries will be determined by the optimization problem in Table4.1.
Another goal of the analysis is to observe the design space, and b se geometry nodal
responses (Niyama, cooling rate, temperature gradient, etc.) with respect to changes in
taper design.
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Table 4.1: Problem Definition: Flat Plate Taper Optimization
Design Variables: x1 = Taper Length
x2 = Taper Height
Minimize: Added Taper Area= 1
2
x1x2
Subject to: a) Critical Niyama Area≤ 0.0 mm2
or
b) Average Niyama Value≥ 0.2 (◦C-s)1/2/mm
0.0mm≤ xi ≤ xi,max
where x1,max = 230mm and x2,max = 2.5mm
4.2 Spindle Geometry Optimization
The Spindle optimization is performed in three steps:
1. A parametric investigation to determine which flat edges of the spindle model will
be an effective edge to taper to eliminate critical Niyama areas.
2. A two-variable taper optimization on the edges that were de med effective for ta-
per and minimize the added taper with respect to average Niyama value and critical
Niyama area.
3. A one-variable taper optimization of the taper height where the taper length is defined
before the optimization. The results are then compared to the two-variable taper
optimization results from step 2.
4.2.1 Parametric Investigation
The thicknesses of the part dictate the locations of critical Niyama regions within this model
so after the initial simulation of the geometry was run, the design variables for the simple
spindle analysis were chosen.
Figure4.2 shows the six design variables (shown as red dots) chosen forthe spindle
analysis. They were chosen because four critical Niyama ares r sulted from the initial
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Figure 4.2: Spindle with 6 Design Variables for Taper Investigation
simulation. One area is in the top neck of the spindle, one area is in the thick center region,
and two areas are in the lower section of the spindle above andbelow the inner flange. A
parametric taper analysis along the flat edges of the spindles p rformed by adjusting the
x-positions of the six design variables individually to seeth ir individual influence on the
critical Niyama areas. Table4.2 shows the initial positions of the design variables. The
x-positions of the design variables are varied by 10, 20 and 30 mm from the base design
points in the direction of the arrows shown in Figure4.2. This represents varying taper
heights in six unique taper locations.
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Table 4.2: Spindle Parametric Investigation Designs
Design Initial Global Initial Global







4.2.2 Two Variable Taper Optimization
Figure4.3shows the two design spaces that were chosen for a more detaile t per analysis
to generate two-variable response surfaces that will be used in a taper optimization with
respect to critical Niyama area and average Niyama value. Thdesign spaces of the analysis
were chosen based on the results of the parametric investigation in section4.2.1.
Figure 4.3: Spindle Design Spaces for Two-Variable Taper Optimization
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Table 4.3: Problem Definition: Spindle Two-Variable Taper Optimization
Design Variables: x1 = Taper Length
x2 = Taper Height
Minimize: Added Taper Area= 1
2
x1x2
Subject to: a) Critical Niyama Area≤ 0.0 mm2
or
b) Average Niyama Value≥ 0.2 (◦C-s)1/2/mm
Upper Design Space:
0.0mm≤ x1 ≤ 1000mm
0.0mm≤ x2 ≤ 35.0mm
Lower Design Space:
0.0mm≤ x1 ≤ 460.0mm
0.0mm≤ x2 ≤ 35.0mm
A Latin Hypercube Sampling technique is employed to ensure that the each design
space response has been appropriately captured by the 10 simulations performed. Table
4.3 shows the optimization problem posed for the two taper geometries where the design
variable bounds are chosen depending on the design space being analyzed and constraint
(a) or (b) is chosen depending on which Niyama based responseof th spindle is being
analyzed.
4.2.3 One Variable Taper Analysis
A methodology for choosing a taper length was developed withthe flat plate model and
was utilized on the spindle model to change the focus of the tap r nalysis from a two-
variable analysis to a one-variable analysis where only taper height is explored to reduce
or eliminate critical Niyama values in a casting. The effectiveness of the taper length
identification method on the spindle will be discussed in Section 5.3.4. In this analysis,
taper height is refered to as x1 because there is only one design variable.
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Figure 4.4: Spindle Design Spaces for One-Variable Taper Optimization
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Results and Discussion
5.1 Plate with Riser Results and Discussion
This section begins with the Niyama response of the base platwith riser model with
no added taper to provide a basis for determining the effectiv ness of various taper so-
lutions. Following that, the results of the taper optimizations through response surfaces is
discussed. Then, the Redbook taper solution is described to compare how the taper opti-
mization through a response surface compares to the industry standard tapering methodol-
ogy. To supplement the taper optimization analysis, the cooling rates, thermal gradients,
and Niyama values of the nodes within the design spaces and base geometry of the plate
with riser model are observed for trends that may aid in determining regions of effective
taper on a cast.
5.1.1 Taper Analysis
Base Simulation of Plate with Riser
The original cast design with no taper has a critical Niyama area of 182.8125 mm2 and
an average Niyama value of 0.1829 (◦C-s)1/2/mm. This is the baseline for the taper opti-
mization as the goal of this analysis is to decrease the critical Niyama area and increase the
average Niyama value from these base values. A complete tablof the flat plate with riser
simulation designs and responses is found in Table8.1.
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Taper Response Surfaces
The taper response surfaces for critical Niyama area and average Niyama value were com-
pared to their simulation responses with a normalized t-test to check if they capture the
response of the system. With 95% confidence, both the averageNiyama value and critical
Niyama area response surface match with simulation data. The results of the t-tests can be
found in tables5.1and5.2.
The average Niyama value response surface shows that there is a very specific region
of the design space that yields a desirable average Niyama value in the cast, as seen in
Figure5.1. The boundary between acceptable average Niyama values andnon-acceptable
average Niyama values is curved in nature, and interestingly there can be multiple taper
height solutions that correspond to a taper length. A taper length of 137.19 mm and a taper
height of 1.621 mm is needed to minimize the added taper on thecast to eliminate critical
Niyama values in the plate. Equation5.1 is the mathematical representation of the average
Niyama value response surface.



























Figure 5.1: Plate Average Niyama Value ((◦C-s)1/2/mm) Response Surface (Eq5.1)
45
ỹN̄ycrit = 0.1813 + 1.3332 x 10
−4X1 − 2.3331 x 10−3X2
−8.9325 x 10−7X21 − 2.1988 x 10
−3X22 + 1.2062 x 10
−4X1X2
(5.1)
Table 5.1: t-Test of Plate Average Niyama Values
n = 24 Simulation Data w-StackRSM Data
Mean 0.1897 0.1896
Variance 5.2333 x 10−5 4.5158 x 10−5
Standard Deviation 7.2341 x 10−3 6.7200 x 10−3
t0.025,46 = 2.0147 t0 = 0.02782
t0 < t0.025,46 ? TRUE
The critical Niyama area response surface shows a much larger cc ptable region of
taper designs. Similar to the average Niyama value responsesurface, there can be effective
taper solutions with two taper heights at a particular taperlength but an added observation
of this response surface is that the same statement can be said about taper lengths at a
particular taper height. A taper length of 111.41 mm and a taper height of 1.377 were
necessary to minimize the added taper with respect to the critical Niyama area in the plate.
This is a much smaller taper requirement than the taper that was determined through the
average Niyama value response surface. This shows evidencethat a taper optimization
based off of a critical Niyama area may yield a less conservative taper solution than an
average Niyama value based optimization.
RSCA = 189.0681− 0.9255X1 − 128.4174X2




The response surface method of taper analysis shows that thelength and height of
taper play important roles in the soundness of the cast. Specifically, the height of the taper
becomes more influential on the porosity response dependingon the length of the taper.
One of the overall trends of the response surfaces is that thelength of the taper must extend
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Figure 5.2: Plate Critical Niyama Area (mm2) Response Surface (Eq5.2)
Table 5.2: t-Test of Plate Critical Niyama Areas
n = 24 Simulation Data w-StackRSM Data
Mean 71.7448 72.2707
Variance 4.1879 x 103 3.6974 x 103
Standard Deviation 64.7140 60.8062
t0.025,46 = 2.0147 t0 = -0.02901
t0 < t0.025,46 ? TRUE
over the RZL and over a majority of the CZ. The full length of the RZL and CZ is 119.75
mm.
Redbook Solution for the Plate with Riser
The results of a comparison of the Redbook solution and the tapr nalysis will warrant
further investigation of an optimization methodology for eliminating critical Niyama areas
by using cast taper area as a cost function. The Redbook has a figure which acts as a
guideline for adding taper to a plate that was derived using simulation data.
There are important notes that must be addressed when discussing the Redbook so-
lution for the geometry described in Section3.1. The Redbook says that at a width to
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thickness ratio greater than 7, which applies to the two dimensional analyses in this report,
the ratio of the taper height to taper length is 0.011. Since the RZL and EZL are sound,
taper only needs to be placed over critical regions. The CZ is the only critical region in this
analysis so the length of the CZ is equal to the taper length. The region over the RZL has a
pad with its height equal to the taper height to allow the castto fill efficiently during a pour.
This defines the taper shown in Figure5.3.
Figure 5.3: Redbook Suggested Taper
The Redbook taper called for a taper length of 119.75 mm and a taper height of 0.437
mm to properly fill the flat plate. This taper yielded a critical area of 49.71 mm2 and an
average Niyama of 0.178 (◦C-s)1/2/mm. As stated earlier, this solution is a guideline for
proper mold filling during a cast pour, not for eliminating shrinkage porosity by taking into
consideration the Niyama values in a casting. The critical Niyama area is greatly reduced
from the base model response, by over 100 mm2, but the average Niyama value is decreased
which would increase the severity of shrinkage porosity.
Taper Methodology Comparison
A compiled table of the aforementioned analyses is found in Table 5.3. An interesting
fact about the three results in the table is the taper slope. Though the response surfaces
were generated using a different tapering geometry than theRedbook taper, the slope of
the taper for the critical Niyama area and average Niyama responses were approximately
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10% ( 0.001 absolute) higher than the Redbook solution. This show evidence that the
methodology of determining taper through a response surface and subsequent optimization
can yield a similar taper solution as the industry standard.This will need to be explored in
three-dimensional simulations because 0.011 is only the suggested taper height to length
ratio for infinitely thick plates. This ratio is different for varying width to thickness ratios.
For now, this solution shows that the response surface approch t taper definition has the
potential to develop tapering solutions that allow for proper mold filling and cast soundness
with respect to Niyama values in a cast.
Table 5.3: Response Surface Optimization Results
Taper Taper Constraint Added Taper
Length Height N̄ycrit ((
◦C-s)1/2/mm) Area (mm2) Slope
(mm) (mm) ANy, crit mm2
N̄ycrit RS Optimum 137.20 1.621 N̄ycrit = 0.2 111.19 0.0118
ANy, crit RS Optimum 111.41 1.377 ANy, crit = 0.0 76.72 0.0124
Redbook Taper 119.75 0.437 N̄ycrit = 0.178 43.66 0.0110
ANy, crit = 49.71
5.1.2 Design Space Responses
The design space was analyzed to determine trends, if any, that exist that can aid in iden-
tifying the effectiveness of a taper geometry. First, the design space was made to be all
cast elements to see how a pad would change the critical Niyama area and average Niyama
value of the base part of the model. Also, this was done to observe the responses of every
node in the design space with respect to cooling rate, thermal gradient and Niyama values.
The pad is the largest addition of mass possible for this analysis, so any smaller solution is
beneficial since the goal of taper optimization is to add a mini al amount of extra material.
The critical Niyama area with the pad is 167.9688 mm2 and the average Niyama value is
0.169 (◦C-s)1/2/mm. By adding the pad, the critical Niyama area decreased butthe aver-
age Niyama decreased as well. In other words, the critical region became smaller but the
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Table 5.4: Pad Data
Length : 230.0 mm
Height : 2.5 mm
Average Niyama Value in Base : 0.169 (◦C-s)1/2/mm
Critical Niyama Area in Base : 167.9688 mm2
likelihood and severity of shrinkage porosity increased.




















Figure 5.4: Pad Niyama Values Evaluated at TEval
Figure5.4 shows the Niyama values within the pad. The nodes in this region do not
yield any critical Niyama values below 0.2 (◦C-s)1/2/mm which is expected. Note that
Niyama values above the mean Niyama value in the design spaceof 4.056 (◦C-s)1/2/mm
are plotted as the mean Niyama value to emphasize the trends of the l wer Niyama values.
Nodes with high Niyama values were not analyzed because theydo not help locate the
positions of critical regions. As the Niyama values within acasting get smaller, the location
of critical regions should be in the direction of the gradients of reducing Niyama values.
A view of the magnitudes of the Niyama values within the pad isshown in Figure5.5.
This graphical representation helps one visualize where the RZL, CZ, and EZL are located
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Figure 5.5: Pad Niyama Values Evaluated at TEval (Contour Side View)
within a cast without using any calculations before a simulation. The RZL has reducing
Niyama values as one samples Niyama values away from the riser (-120.0625 mm≤ RZL
≤ -40 mm). The CZ has constant contours of Niyama across its length (-159.75 mm≤ CZ
≤ -120.0625 mm). The EZL has Niyama values that are lower than tose within the CZ but
as one samples Niyama values closer to the end of the casting,the Niyama values increase
at a high rate. The Niyama value could potentially be used as ametric for determining the
length of taper since the three regions within the cast are soclearly defined. The magnitude
of the Niyama values that define the RZL, CZ, and EZL will change depending on the cast
geometry. A search algorithm can be written to find regions ofconstant Niyama contours.
When that algorithm is paired with the location of a feeder, the length of taper can be
confidently predicted. The only requirement after that would be to determine the height of
taper.
The temperature gradient was not as informative about the RZL, C and EZL locations
as the Niyama values within the design space. As seen in Figure 5.6, there is no distinct
trend in the temperature gradient at Teval that suggests any placement of taper. Constant
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Figure 5.6: Pad Temperature Gradients Evaluated at TEval
contour lines of temperature gradient extend outward from the CZ into the RZL and EZL
as seen in Figure5.7.
















Figure 5.7: Pad Temperature Gradients Evaluated at TEval (Contour Side View)
The cooling rates of the pad give the clearest definition of the RZL, CZ, and EZL. The
RZL has low magnitude non-linear cooling rates, the CZ has constant magnitude linear
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sloped cooling rates, and the EZL has high magnitude linear cooling rates. Low and high
cooling rates are relative to a casting geometry. For instance, the cooling rates smaller than
-0.3 C/s represent the EZL in the plate with riser model. This value can be determined
after an initial simulation. These trends help with the placement of feeders because one can
numerically determine what regions of the casting experience end effects or bulk model
effects (riser effect). Taper should be designed so the slope of the taper is angled towards
the bulk effect. Figure5.9below shows a rotated view of the three regions within the cast.
Cooling rates that were lower than the mean cooling rate of thepad were plotted as the
mean to emphasize the trends of the three regions within the pad.






















Figure 5.8: Pad Cooling Rates Evaluated at TEval
Figure5.10above shows an isometric view of the cooling rates within thepad. The
line of nodes at the far right of the figure is the original castedge and the line of nodes at the
far left of the figure is the top side of the pad that is connected to the mold. The flat regions
of cooling rates imply that those nodes cool at the same rate so large regions of the cast
cool evenly. In long sections of a casting, this leads to solidification shrinkage. To promote
directional solidification, these flat cooling rate regionsmust be disrupted, preferably so
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Figure 5.10: Pad Cooling Rates Evaluated at TEval (Contour Rotated View)
that the cooling rates decrease in magnitude as one travels from the EZL to the RZL.
Two taper geometries that were simulated have been chosen for the design space anal-
ysis. These are taper geometry (TG) 2 and 10. they were chosenbecause TG2 eliminated
the critical Niyama values within the cast whereas TG10 onlyimproved the critical Niyama
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Table 5.5: TG10 Data
Taper Length : 156.5 mm
Taper Height : 0.75 mm
Average Niyama Value in Base : 0.196 (◦C-s)1/2/mm
Critical Niyama Area in Base : 26.5325 mm2
values in the cast when compared to the base model response. TG10 is presented first fol-
lowed by TG2. The Niyama responses of all of the plate with riser simulations are found
in the Appendix of this document.























Figure 5.11: TG10 Cooling Rates Evaluated at TEval (Contour View)
As seen in Figure5.11, TG10 modeled a taper length that extended beyond the CZ.
That simulation did not eliminate the critical region within the cast because the distribution
of the taper length and height was not sufficient for efficientdirectional solidification. In
Figure5.12, each line represents the cooling rate of a horizontal layerof the added taper in
the simulation.
Note that the cooling rates over the CZ are no longer flat. The cooling rates decrease in




















Figure 5.12: TG10 Cooling Rates Evaluated at TEval (Contour Rotated View)
The design space needs to be manipulated slightly from this taper configuration to eliminate
the critical Niyama region. A search algorithm could be written to determine these spatial
cooling rate gradients so that one can numerically determine an appropriate taper length
rather than by determining the taper length through observation.
TG2, shown in Figure5.13, has a smaller taper length and larger taper height than
TG10. One should note that in Figure5.14, the nodes that lie above the CZ have two to
three discontinuous cooling rate slopes along each horizontal node line that decrease in
magnitude. This taper encourages directional solidification because the cast is no longer
cooling at the same rate along the length of the CZ.
Table 5.6: TG2 Data
Taper Length : 113.75 mm
Taper Height : 1.0 mm
Average Niyama Value in Base :> 0.2 (◦C-s)1/2/mm
Critical Niyama Area in Base : 0.0 mm2
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Figure 5.14: TG2 Cooling Rates Evaluated at TEval (Contour Rotated View)
5.1.3 Plate Geometry Responses
Three taper simulation data points are chosen for this analysis; the base geometry with
no taper, and the two taper solutions presented in the last section: TG10 and TG2. As
a reminder, TG10’s solution improves the critical Niyama area in the plate, and TG2’s
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solution eliminated the critical Niyama values in the plate.
Each of the outputs of the design space were evaluated at Teval because of that tem-
perature’s significance in the solidification process and the Niyama value is only valid at
this temperature. For consistency, all of the responses of the base geometry are evaluated at
this point. The figures in this section are rotated contour views of the plate with riser. The
x-axis represents the x position along the length of the cast, but the y-axis of the figures
shows the contours of a respective model response. For example, Figure5.15shows how
Niyama values vary along rows of nodes in the x direction in the cast. The riser is not
observed in this analysis because trends in the plate geometry need to be identified for a
clarification of the effect of taper on the responses in the body of a cast.
Figure 5.15: Niyama Values of the Plate Evaluated at TEval for 3 Taper Geometries
In Figure5.15, the Niyama values of the three chosen simulations are plotted. One
can see that when no taper is added, the CZ is apparent by the regions of Niyama with zero
slope along the x-axis. When taper is added, the slope of the Niyama becomes distorted
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underneath the added taper. Aside from slight distortions,r random fluctuations rather
than smooth value transitions, in the Niyama profile near thesurface of the cast, there is
no definitive or visible change in the Niyama profile. The Niyama value is the ratio of two
more fundamental heat transfer properties which present a clearer picture of taper influence
on the cast: cooling rate and thermal gradient.
Figure 5.16: Cooling Rates of the Plate Evaluated at TEval for 3 Taper Geometries
Figure5.16 shows the trends in the cooling rates of the base geometry when taper
is added to the plate. The base plate without any taper has zero slope and continuous
cooling rates along the x-axis in the CZ. When taper is added, thcooling rates in the CZ
become discontinuous in a fashion that describes directional solidification. Cooling rate
trends that exhibit directional solidification are seen in the EZL regions of the cast. The
cooling rates are very low near the outer edge of the cast, andas one observes the cooling
rates towards the riser, the cooling rates increase. In the CZof the tapered geometries, the
once flat cooling rate trend shows a slope that cools from the EZL towards the RZL. This
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trend is desired in a directionally solidifying cast so thatthe solidification front converges
smoothly towards the riser without being cut off by the infinite plate effect that causes
shrinkage porosity in the CZ.
Figure 5.17: Thermal Gradients of the Plate Evaluated at TEval for 3 Taper Geometries
The thermal gradient figure (Figure5.17) shows a similar result as the cooling rate
figure. When there is no taper, the thermal gradient is uniformalong the x-axis over the
CZ, which implies an “infinite” plate length phenomenon that promotes shrinkage porosity.
Adding taper towards the riser encourages the thermal gradient to increase from the EZL to
the RZL but the changes are harder to detect than with the cooling rate. For the identifica-
tion metric of intelligent taper placement, a sensitive output of a simulation with respect to
addition of material is necessary for an effective and efficint solution technique. From this
analysis, the cooling rate appears to be the most appropriate me ric for determining taper
effectiveness of the three model responses observed.
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5.2 Choosing a Design Space for the Casting
Through observations of the Niyama values, thermal gradients, a d cooling rates at a node’s
evaluation temperature in the original casting, and a tapernalysis through the optimization
of taper geometry with a response surface of critical Niyamaarea and average Niyama
value, the following recommendations for taper design through simulation are made:
1. An initial simulation of the solidification of the castingmust be performed before
the design space can be determined. The cooling rates of the surface nodes of a part
provide locations for the design space. The surface coolingrates, when evaluated
at the solidification point of a node, follow a linear or constant trend over regions of
porosity. Those trends must be perturbed to eliminate the porosity region. See Figure
5.18for constant cooling rate regions of the outer edge of the plate c st model.
2. Taper is most effective when it is located over regions of flat or uniform cooling
rates. These regions of uniform cooling rates are located inbetween regions of sound
casting that are defined by end or riser effects.
3. The height of the design space must be no larger than the part design constraints
will allow. The taper model only required a design space heigt that was twice the
element edge length of an element in the base model. Should the riser placement not
be known, as in the spindle example in the next section, then tresults in this work
do not yield sufficient results to recommend a minimum designpace height.
4. If the riser placement is known, then the taper length should extend from a riser to
the the furthest point of flat cooling rates in a cast.
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Figure 5.18: Plate with Riser Model Edge Cooling Rates
5.3 Spindle Results and Discussion
5.3.1 Spindle Base Analysis
The spindle was modeled with six design variables after an initial simulation was per-
formed. These design variables were chosen to manipulate flat edges of the spindle without
knowing which variables will affect the critical Niyama regions most effectively. The only
logic for picking the design variables was their ability to change edges of the cast geometry
that are near a critical Niyama area. The four critical Niyama areas in this model will be
referred to from top to bottom as area 1, 2, 3, and 4. Area 1 has the largest area of the four
critical Niyama areas.
The average Niyama value and critical Niyama area was found for each simulation
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Figure 5.19: Base Spindle Niyama Profile (Critical Niyama Areas Circled)
but it should be noted that since these simulations were performed with an average element
edge length of 5 mm, both of these responses can have dramaticvariation that may not
reflect the actual nature of the response due to the coarse mesh. The coarse mesh was
used to gather general trends but a more refined mesh is recommended for this simulation.
Tables8.2 8.3and8.4 in the Appendix of this document show how the average Niyama
value and the critical Niyama areas of the simulations vary with the design variables. A
model labeled with “p” has the design variable moved in the positive x direction and models
labeled with “m” has the design variable moved in the negative x direction. The mesh is too
coarse to show patterns in the critical Niyama area so the number of critical nodes for each
critical area is detailed to show the influence of the design variables on the critical regions.
The first design variable reduced the number of critical Niyama nodes of Area 1 from
31 to 3 by inducing a negative taper in the top neck of the spindle. Area 2’s critical Niyama
nodes remained constant even though material was removed closest to its location. Area 2
is in the center of the very thick region of this casting so a riser would be the most efficient
way of eliminating that porosity region. Areas 3 and 4 remained unchanged when this
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design variable was changed. This shows that the taper in a large and complicated model
will only affect a limited region of the cast. From the resultof this design variable, it can
be concluded that more than one design space optimization will be required to eliminate all
of the critical Niyama areas within the spindle.
The second and third design variables were not as effective as the first design variable
in removing Area 1. The taper formed by each of these design variables increased the total
critical Niyama area of the top neck of the spindle rather than remove material like with
the first design variable taper. The results of these two potential tapers show that it is not
effective to taper away from a thick section of a cast unless previous knowledge of a riser
is known to help feed that taper.
The last three design variables reduced the number of critical Niyama nodes in Areas
3 and 4. Each of these three design variables at some point eliminated Area 3 from the
model but Area 4 was only eliminated by design variable 5’s taper. From this analysis, it
was found that the most effective way to eliminate the critical Niyama areas was to remove
cast material from the spindle. Design variable 1 and designvariable 5 reduced the number
of critical Niyama nodes most significantly out of the tapersxplored in this taper analysis.
An optimization of taper in these regions is performed to eliminate three of the four critical
Niyama areas within the casting.
5.3.2 Spindle Design Space Determination
The cooling rates of the spindle were observed to see if the effective taper length approach
applies to a complex natural solidification model. By lookingat the cooling rates of the
surface nodes of the casting as seen in Figure5.20, one can see that there are three regions
that have uniform, or near uniform cooling rates on the edgesof the model. The first
section is on the long upper neck of the spindle. This geometry acts similar to the flat
plate model as discussed earlier in the document. This taperoptimization here will help the
taper length identification method transition from the flat pl e geometry to a more complex
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geometry. If the two-variable optimization yields a taper length that agrees with the cooling
rate suggested taper, then this method can be used with more confidence.
Figure 5.20: Spindle Edge Cooling Rates
The next regions of uniform or near uniform cooling rates arelocated at the bulk
center region of the spindle. There are three sections of near uniform cooling rate that are
visible in Figure5.20. The critical Niyama area in the center of the Spindle is insensitive
to additions of taper as seen in the six tapering trials from the parametric investigation.
Since this is a natural solidification, there is no sprue designed into the geometry. If these
optimizations can remove the outer critical regions and leave only the center region, then
a sprue or riser can be applied to the cast near the central critical egion to make this part
sound. Sprues and risers can affect deep and insensitive Niyama regions of a cast but it is
ideal to have as few risers as possible to increase the yield of the cast. Future work in riser
placement based on the cooling rates of bulk regions can be explor d to determine effective
riser locations.
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The bottom two critical Niyama areas will be investigated through a taper optimization
using the flat edge of the spindle below the inner flange. This is where the methodology is
being tested because it is a non-uniform region of the geometry wi h a low slope cooling
rate trend rather than a zero slope cooling rate trend in a flatuniform geometry like in
the flat plate. It is being analyzed because of the effectiveness of the taper on the critical
Niyama regions shown by the parametric investigation. There are no zero slope or uniform
cooling rates in this region but this is a different geometric intracacy than the flat plate
model. In the flat plate, the CZ is located in between an EZL and aRZL. This particular
region lies between two regions that exhibit EZL characteris ics. The result of these two-
variable optimizations will be presented in the next section.
Figure 5.21: Proposed Spindle Taper Lengths
Figure 5.21 shows the cooling rate contours of the Spindle along the y-axis of the
model. The two suggested taper lengths will be used in the one-variable taper optimiza-
tions where only the taper heights are varied. The two-variable optimizations will check
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to see if these taper lengths will become apparent through the optimization of taper with
Niyama constraints like in the plate with riser model. The justification for the proposed
taper lengths is that taper does not need to be present over regions of EZL. The EZL exists
when the cooling rates drop rapidly (y≥650 mm and y≤-817 mm). A point of concern
is the inner flange at y = -540 mm. Typically, taper is directedtowards a riser but since
this is a natural solidification study, there are no risers totaper towards. The inner flange
has more characteristics of an EZL than an RZL so the taper solution in this region could
behave differently than as seen in the flat plate analysis.
5.3.3 Two-Variable Optimization
There are three sets of response surfaces in this section that correspond the three critical
Niyama areas that need to be reduced or eliminated from the spindle. The taper heights all
were chosen to add material to the spindle so the taper responses can be compared to the flat
plate taper analysis. In section5.3.1, it was noted that removing material from the spindle
was most effective in reducing and eliminating critical Niyama areas. Removal of material
is explored in the one-variable taper optimization in section 5.3.4because the taper length
is fixed so taper height can be explored with a larger design space.
Figures5.22and5.23represent the reponses of critical Niyama area 1 with respect to
taper length and height. These responses yield optimum solutions that do not agree with
the predicted taper length from the cooling rate analysis.
Table 5.7: Spindle Critical Niyama Area 1 Optimization Result
Taper Taper Constraint Added Taper
Length Height N̄ycrit ((
◦C-s)1/2/mm) Area (mm2) Slope
(mm) (mm) ANy, crit mm2
N̄ycrit 1000.0 12.4725 N̄ycrit ≥ 0.2 6236.27 0.0125
ANy, crit 879.2587 16.8682 ANy, crit = 0.0 7415.76 0.0192
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A reason that the taper optimum does not agree with the methodology developed for
the flat plate could be that this is an optimization on a natural solidification simulation. The
disagreement is in the taper length. The flat plate analysis suggested that the effective taper
length would extend over the RZL and the CZ. The difference in these two analyses is that
the flat plate analysis had a riser towards which taper could be esigned. The spindle’s
center bulk region has similar characteristics as a riser but the taper on the edge of the
spindle neck is opposite that of the bulk region. The tapering ules in the Redbook also
were developed with a riser on the plate with taper on the riser side of the plate. An
analysis of the taper on the outer edge of the spindle neck could be simulated but for the
purposes of this document, only flat taper geometries were investigated. The outer edge of
the neck would have manipulated the large fillet connecting the outer flange and the spindle
neck.




























Figure 5.22: Average Niyama Value 1 Response Surface
ỹN̄ycrit,1 = 0.0942 + 1.2753 x 10
−4X1 + 1.0959 x 10−3X2
−6.1439 x 10−8X21 − 4.7654 x 10
































Figure 5.23: Critical Niyama Area 1 Response Surface
ỹANy,crit,1 = 1001.325− 1.3600X1 − 2.6707X2




The response of critical Niyama area 3 is represented by the response surfaces shown
in Figures5.24 and5.25. This part of the spindle analysis investigates the effectiv ness
of the cooling rate taper identification method. By looking atthe Figure5.24, the average
Niyama value never goes above the desired value of 0.2. The critical Niyama area plot
(Figure5.25) shows that tapering this region only increases the size of the critical Niyama
area except for in extreme cases of the design space where thed sign variables is at its upper
or lower bounds. The same goes for the average Niyama response surface figure. This
suggests that the design space chosen for the two-variable optimization was not sufficient
to capture an optimum taper solution.
ỹN̄ycrit,3 = 0.1978− 1.1646 x 10
−4X1 − 5.0600 x 10−3X2
−1.0368 x 10−7X21 + 1.1736 x 10


































Figure 5.24: Average Niyama Value 3 Response Surface






























Figure 5.25: Critical Niyama Area 3 Response Surface
ỹANy,crit,3 = −498.2324 + 2.7178X1 + 66.5455X2




The taper in the lower section of the Spindle does negativelyaffect average Niyama
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value 4. Critical Niyama area 4 is very insensitive to the taper. Figure5.27 shows that
the critical area remains around 30 mm2 for a majority of the design space. The average
Niyama area however can be slightly from the base value of 0.1358. There is no optimum
taper length to increase average Niyama value 4 because adding taper will increase the size
of the critical Niyama area.




























Figure 5.26: Average Niyama Value 4 Response Surface
ỹN̄ycrit,4 = 0.1236 + 1.4242 x 10
−4X1 − 7.5708 x 10−5X2
−2.3653 x 10−7X21 + 2.2052 x 10
−6X22 + 9.8484 x 10
−7X1X2
(5.7)
ỹANy,crit,4 = 16.8354 + 0.0187X1 + 0.9923X2
+1.8364 x 10−5X21 − 0.0299X
2
2 + 2.6055 x 10
−3X1X2
(5.8)
The two taper optimizations on the spindle both yielded results that show how geo-
metric intricacies can greatly affect the effectiveness oftaper on a critical Niyama area.
Casting taper, for geometries aside from a flat plate, is typically guided by expert opinion
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Figure 5.27: Critical Niyama Value 4 Response Surface
and is validated through test pours or simulation. By performing the parametric investiga-
tion of 6 taper options on the flat edges of the spindle, it was shown that two areas affect the
critical Niyama areas of the spindle the most. The design spaces for the optimizations of
these two tapers were chosen with no guidance of upper and lower bounds and as a result,
some of the critical Niyama areas were not reduced or eliminated.
In the next section, the taper lengths will be restricted by using the methodology that
was determined with the flat plate analysis so that the boundsof the taper heights can be
extended. From the flat plate analysis, it was shown that it isnot effective to taper over
regions of EZL. By specifying the taper length, we can explorea greater variation of taper
solutions, by adding or subtracting cast material, to see ifa solution can be found. This
reduces the number of design variables in the optimization so fewer simulations will need
to be performed to develop a response surface.
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5.3.4 One-Variable Optimization
The one-variable taper optimization had a total of five simulations performed because there
is only one design variable. Because there are so few data points from this analysis and only
one design variable, no response surface was calculated. Ifneeded, a threeβ coefficient
response surface equation can be calculated.
The taper length chosen to promote directional solidification for critical Niyama area
1 is 650 mm. This was chosen based off of the surface cooling rates from the base spindle
simulation. Like in the spindle parametric investigation,a taper height is labeled with an
m or p to denote that the global position of the node defining the taper height is a negative
or positive distance away from the original geometry of the spindle. For example, the taper
labeled p15 would remove material from the cast because 15 mmin the positive x direction
of the model is inside the original cast geometry.
The average Niyama values for each of the critical Niyama ares is reported but not
discussed because the average Niyma values were very insensitive to the manipulation of
cast geometry. For the spindle geometry, the critical Niyama area is the most sensitive
model response for determining the effectiveness of the tapr designs.
Table 5.8: Critical Niyama Area 1: One-Variable Analysis (Taper Length = 650 mm)
Taper Critical Critical Average
Height Nodes Area Niyama
Case (mm) (mm2) (◦C-s)1/2/mm)
1 m30 0 0.0 0.2
2 m15 70 243.8144 0.164059
3 0 186 832.6275 0.140159
4∗ p15 24 105.348 0.153268
4b 44 155.9687 0.148521
5∗ p30 17 73.7856 0.139206
5b 21 88.88848 0.139125
Table5.8shows that for the 5 simulations, any manipulation from the base geometry
(Case 3) reduces the size of critical Niyama area 1. For this region, much like in the flat
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plate analysis, the critical Niyama area is eliminated by taper that adds material. This can be
justified because the neck of the spindle acts much like the flat plate from the first analysis
in this document. In the two-variable simulation from the prvious section, it was found
that there is a taper solution that requires less material than e taper in case 1 of the one-
variable taper analysis. The benefit of choosing the taper length before the optimization
of taper height is the freedom of a larger taper height designpace. Cases 4 and 5 show
taper geometries that remove material from the cast. With respect to critical Niyama area
1, removing cast material split the original critical Niyamarea into two separate critical
regions (see the∗ in Table 5.8). To conclude the focused taper optimization of critical
Niyama area 1, adding material to a cast will best eliminate critical regions within long
flat plate geometries. In half the simulations performed in the two-variable optimization, a
similar taper result was reached by using the Niyama value asa constraint for optimization.
The cooling rate taper length identification method for defining taper length to elimi-
nate critical Niyama area 1 in the spindle was not as helpful as expected because the method
was developed on the riser side of a flat plate geometry with a rser. The effectiveness of the
taper is more significant when there is a riser helping feed thtaper. The focus of the spin-
dle analysis was to manipulate the flat regions of the spindleto eliminate critical regions
of Niyama. An investigation of tapering the outer edge of thespindle neck with a two-
variable taper optimization may yield a more comparable result to the flat plate analysis.
That analysis would manipulate the curvature of the outer fill t connecting the spindle neck
and outer flange. A future investigation of this method needsto be performed on varying
taper geometries so see if non-standard taper geometries, such a the taper defined in the
Redbook or curved taper, will yield similar optimization result as the flat taper analyses.
Table5.9 shows that the pre-determined choice of taper length based on the surface
cooling rates of the spindle allowed for an increased taper height design space that was
advantageous over the smaller design space in the two-variable t per optimization. In the
two-variable optimization, critical Niyama area 3 was not reduced with any of the taper
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Table 5.9: Critical Niyama Area 3: One-Variable Analysis (Taper Length = 277 mm)
Taper Critical Critical Average
Height Nodes Area Niyama
Case (mm) (mm2) (◦C-s)1/2/mm)
1 m30 62 227.6607 0.159394
2 m15 80 333.1277 0.136751
3 0 25 85.3325 0.153864
4 p15 8 23.3643 0.150297
5 p30 4 7.073503 0.145764
additions that were simulated. The critical Niyama area respon e surface suggested that
this section’s geometry should be left alone for the smallest critical Niyama area. This
would have required a riser for this critical region to be pulled from the cast. By choosing
a taper length by the cooling rate identification method, thetaper height could be varied
to add or subtract cast material. It was found that removing material from this region can
reduce the critical Niyama area up to 92%.
Critical Niyama area 4 remained insensitive to positive and negative tapers in this
section of the cast. If a critical region stays insensitive to manipulations of geometry, then
a riser may be the only alternative to pull the critical region out of the cast. If the taper in
case 5 is applied to the lower section of the spindle, then thesize of the riser required to
pull these two critical Niyama regions out of the cast could be much smaller than would be
necessary if there was no cast geometry manipulation. A visual representation of three of
Table 5.10: Critical Niyama Area 4: One-Variable Analysis (Taper Length = 277 mm)
Taper Critical Critical Average
Height Nodes Area Niyama
Case (mm) (mm2) (◦C-s)1/2/mm)
1 m30 10 46.37822 0.145878
2 m15 9 35.90824 0.141775
3 0 7 21.83062 0.150672
4 p15 6 17.11309 0.142608
5 p30 7 19.83454 0.159301
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the taper height cases is shown in Figure5.28.
Figure 5.28: One-Variable Taper Height Results
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Summary
A taper analysis was performed with a response surface methodology on a two-dimensional
plate casting with a riser. A subsequent design space study was performed on the same
two-dimensional model to investigate the effects of taper on heat transfer fundamental pa-
rameters like cooling rate and thermal gradient in the nodesf the finite element simulation.
An analysis of a complex geometry, the two-dimensional spindle, was performed to make
comparisons of the responses of critical Niyama area and average Niyama value to the flat
plate analysis.
It was determined that for the taper of a flat plate with a riser, the length of the taper
must be as long or longer than the RZL and CZ combined if a riser exists. The height of the
taper then becomes the driving constraint for minimizing anaddition of mass by taper. The
response surface also showed that performing a minimization of added taper with respect
to eliminating critical Niyama area yields a smaller optimized taper than a minimization by
raising the average Niyama value within a critical region above the critical Niyama value.
To supplement the response surface analysis, the design space and base geometry
responses of Niyama, thermal gradient, and cooling rate werobserved to explore trends
that could identify effective regions to taper on a casting.Using the cooling rate in the
design space, one can make an informed decision about the length of a taper that will allow
for directional solidification by looking for cooling rate rgions of low or constant slope.
With this design criterion, the taper length can be determined with one simulation. The
choice of taper height would require further investigationwith varying cast thicknesses to
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see how the Niyama response changes.
The spindle analysis was initially performed using six design variables that manipu-
lated taper height with constant taper lengths along the flatdges of the spindle. The sensi-
tivities of these tapers to the critical Niyama area showed that certain placements of taper
were more beneficial to the casting Niyama profile than others. After using the cooling
rate method of identifying critical zones, design space pads were placed over those regions
for a taper analysis. A two-variable taper optimization of alimited taper height design
space yielded an adequate taper solution for the upper critical region within the spindle,
but yielded no meaningful change to the critical Niyama areas of the bottom two critical
regions. By using the cooling rates as an identification method of determining taper length,
the taper height design space was expanded to cover a wider range of heights and in turn,
provide a clearer picture of useful taper options. The critical region 1 did not benefit from
the one-variable optimization because of the nature of the cast geometry and its capability
to feed that taper in the same manner as in the flat plate analysis. Critical region 3 was
reduced by 92% by removing cast material rather than adding cast material. That solution
would have been missed without the expanded taper height design space.
The taper length cooling rate identification method works the best in solidification
studies with risers to provide a feeding direction for the taper. Should a natural solidifica-
tion be simulated, like the spindle model, this method must be used with caution. Some
edges of the model may indicate an effective taper length butbecause of the nature of the
geometry of the cast, certain edges will be more effective totaper than others. A topology
optimization shut off criteria must be developed to move forward with this work to move




The results of this work have provided a direction for futureinvestigations of the cooling
rate taper length identification method.
1. Varying plate thicknesses - In the flat plate analysis, only e plate thickness was
investigated. Much like in the Redbook, multiple thicknesses and geometries can be
investigated to determine if the findings in this document are specific to the flat plate
geometry that was reported. Also, by varying the plate thickness, the required taper
heights can be recorded and potentially, a relationship of the taper height and the cast
thickness can be made with respect to an optimization with the critical Niyama area
as a constraint of the optimization.
2. Three-dimensional analysis - Only two-dimensional geomtries were presented in
this work. Most casting simulations are done with three-dimensional models. For
two-dimensional models, the cooling rates can identify an effective taper length but
in a three-dimensional model, an effective taper area may beseen in the simulation
results which will provide more specific tapering directions i complex geometries.
3. More robust simulation - This work was performed in ABAQUSby only taking into
consideration the heat conduction of the solidification process. Other simulation
packages such as Magmasoft of ProCAST provide the simulationof the entire casting
process. That may affect the initial temperature fields of the cast as well as the
cooling of the cast and mold by convection into the environmet.
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Table 8.1: Flat Plate Taper Designs and Responses
Taper Taper Taper Added Critical Average
Geometry Length Height Area Area Niyama
Run (mm) (mm) mm2 mm2 (◦C-s)1/2/mm
1 50.0 0.0 0.0 178.90625 0.18357
2 113.75 1.0 67.375 0.0 0.2
3 75.5 1.0 38.0 65.625 0.18834
4 82.5 0.5 29.5 50.0 0.18726
5 22.5 0.5 7.3125 71.875 0.18614
6 18.5 0.25 4.53125 169.53125 0.18259
7 11.0 0.75 4.40625 87.5 0.17902
8 46.0 0.25 11.46875 143.75 0.18661
9 140.0 0.0 0.0 178.90625 0.18357
10 156.5 0.75 76.65625 26.5625 0.19563
11 75.25 1.5 56.4375 33.59375 0.18772
12 123.5 2.0 130.0625 0.0 0.2
13 52.0 1.75 48.21875 53.90625 0.17840
14 108.25 2.25 135.03125 0.0 0.2
15 83.25 2.0 83.25 16.40625 0.19478
16 129.25 1.25 84.53125 0.0 0.0
17 42.25 1.5 34.0 128.90625 0.18357
18 170.75 1.50 145.625 0.0 0.2
19 35.5 2.0 39.0625 97.65625 0.18293
20 199.75 1.75 190.53125 0.0 0.2
21 55.25 0.5 13.8125 93.75 0.18630
22 135.0 0.5 43.625 118.75 0.18656
23 86.75 0.75 40.03125 27.34375 0.19100
24 0.0 0.0 0.0 178.90625 0.18357
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Table 8.2: Spindle Parametric Investigation: Average Niyama Values
Region 1 Region 2 Region 3 Region 4
Spindle 0.178 0.182 0.184 0.165
DV1 p10 0.179 0.152 0.178 0.152
DV1 p20 0.185 0.165 0.177 0.175
DV1 p30 0.183 0.166 0.185 0.169
DV2 m10 0.171 0.164 0.168 0.167
DV2 m20 0.180 0.105 0.167 0.181
DV2 m30 0.170 0.162 0.162 0.151
DV3 p10 0.175 0.126 0.168 0.182
DV3 p20 0.163 0.137 0.166 0.167
DV3 p30 0.178 0.157 0.167 0.171
DV4 m10 0.177 0.169 0.195 0.132
DV4 m20 0.178 0.155 0.195 0.140
DV4 m30 0.177 0.166 >0.200 0.156
DV4 p10 0.179 0.146 >0.200 0.179
DV4 p20 0.181 0.139 >0.200 0.174
DV4 p30 0.172 0.157 >0.200 0.185
DV5 m10 0.179 0.156 0.180 0.170
DV5 m20 0.178 0.154 >0.200 0.177
DV5 m30 0.180 0.142 >0.200 0.165
DV5 p10 0.179 0.157 >0.200 0.188
DV5 p20 0.180 0.169 >0.200 >0.200
DV5 p30 0.178 0.176 >0.200 >0.200
DV6 m10 0.179 0.148 0.184 0.159
DV6 m20 0.179 0.154 >0.200 0.174
DV6 m30 0.178 0.170 >0.200 0.171
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Table 8.3: Spindle Parametric Investigation: Critical Niyama Node Totals
Region 1 Region 2 Region 3 Region 4
Spindle 31 3 5 1
DV1 p10 21 4 4 2
DV1 p20 7 9 3 1
DV1 p30 3 5 13 1
DV2 m10 37 3 4 3
DV2 m20 15 3 4 1
DV2 m30 14 4 7 1
DV3 p10 19 14 4 2
DV3 p20 9 16 4 1
DV3 p30 7 3 4 2
DV4 m10 28 3 2 1
DV4 m20 31 3 1 1
DV4 m30 30 3 0 1
DV4 p10 30 3 0 2
DV4 p20 31 18 0 2
DV4 p30 31 2 0 2
DV5 m10 30 3 3 2
DV5 m20 29 2 0 3
DV5 m30 31 19 0 4
DV5 p10 32 1 0 2
DV5 p20 30 4 0 0
DV5 p30 31 5 0 0
DV6 m10 33 2 4 2
DV6 m20 28 2 0 2
DV6 m30 30 3 0 1
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Table 8.4: Spindle Parametric Investigation: Critical Niyama Areas
Region 1 Region 2 Region 3 Region 4
Spindle 307.545 46.432 19.926 7.052
DV1 p10 162.797 31.601 12.049 9.123
DV1 p20 40.934 23.463 24.853 0.000
DV1 p30 0.000 66.122 72.092 0.000
DV2 m10 342.590 39.794 10.854 10.551
DV2 m20 163.795 13.885 10.854 0.000
DV2 m30 151.460 47.682 48.146 0.000
DV3 p10 92.493 251.251 10.854 10.551
DV3 p20 76.349 278.035 10.853 0.000
DV3 p30 68.389 10.917 10.853 10.549
DV4 m10 266.883 13.280 0.000 0.000
DV4 m20 307.544 12.081 0.000 0.000
DV4 m30 292.354 14.048 0.000 0.000
DV4 p10 292.359 9.381 0.000 10.545
DV4 p20 307.507 251.016 0.000 9.126
DV4 p30 292.297 0.000 0.000 15.047
DV5 m10 287.453 30.869 9.239 0.000
DV5 m20 280.651 14.556 0.000 23.529
DV5 m30 307.764 331.348 0.000 25.549
DV5 p10 313.487 0.000 0.000 10.322
DV5 p20 307.538 27.766 0.000 0.000
DV5 p30 305.000 30.000 0.000 0.000
DV6 m10 327.094 15.085 0.000 11.902
DV6 m20 268.861 15.171 0.000 0.000
DV6 m30 302.346 30.870 0.000 0.000
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Table 8.5: Critical Region 1: 2-Variable Designs and Responses
Taper Taper Taper Added Critical Area Average
Design Length Height Area mm2 Niyama
(mm) (mm) mm2 (◦C-s)1/2/mm
1 0.0 0.0 0.0 740.6826 0.1280
2 358.5 25.0 4481.25 565.8472 0.1293
3 370.5 2.0 370.0 669.6577 0.1284
4 233.5 15.0 1751.25 747.1281 0.1293
5 587.0 33.0 9685.5 0.0 0.2000
6 690.0 10.0 3450.0 0.0 0.1982
7 801.0 5.5 2202.75 361.1434 0.1640
8 935.5 23.0 10758.25 0.0 0.2000
9 129.5 30.5 1974.875 746.1633 0.1294
10 62.0 13.0 403.0 726.2411 0.1266
Table 8.6: Critical Region 3: 2-Variable Designs and Responses
Taper Taper Taper Added Critical Area Average
Design Length Height Area mm2 Niyama
(mm) (mm) mm2 (◦C-s)1/2/mm
1 0.0 0.0 0.0 97.13 0.1563
2 94.99 33.0 1567.33 72.22 0.1463
3 229.04 3.5 400.81 178.53 0.1564
4 34.23 27.5 470.73 86.46 0.1504
5 203.96 19.5 1988.63 403.27 0.1371
6 86.79 10.0 433.96 109.72 0.1552
7 139.35 23.0 1602.53 123.99 0.1535
8 437.82 17.0 3721.47 25.54 0.1527
9 370.31 5.0 925.79 283.31 0.1351
10 294.13 11.0 1617.72 326.40 0.1355
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Table 8.7: Critical Region 4: 2-Variable Designs and Responses
Taper Taper Taper Added Critical Area Average
Design Length Height Area mm2 Niyama
(mm) (mm) mm2 (◦C-s)1/2/mm
1 0.0 0.0 0.0 22.66 0.1358
2 94.99 33.0 1567.33 22.47 0.1341
3 229.04 3.5 400.81 19.49 0.1324
4 34.23 27.5 470.73 23.98 0.1275
5 203.96 19.5 1988.63 42.10 0.1474
6 86.79 10.0 433.96 27.04 0.1324
7 139.35 23.0 1602.53 40.04 0.1476
8 437.82 17.0 3721.47 44.49 0.1331
9 370.31 5.0 925.79 36.68 0.1497
10 294.13 11.0 1617.72 39.13 0.1518
Table 8.8: t-Test of Two-Variable Acrit,Ny,1 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 455.6861 497.5222
Variance 1.1262 x 105 1.4907 x 105
Standard Deviation 335.5834 386.0907
t0.025,18 = 2.101 t0 = -0.2586
t0 < t0.025,18 ? TRUE
Table 8.9: t-Test of Two-VariablēNycrit,1 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 0.1533 0.1493
Variance 1.1321 x 10−3 1.5259 x 10−3
Standard Deviation 0.03365 0.03906
t0.025,18 = 2.101 t0 = 0.2469
t0 < t0.025,18 ? TRUE
Table 8.10: t-Test of Two-Variable Acrit,Ny,3 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 170.6589 127.4282
Variance 1.5583 x 104 7.2784 x 104
Standard Deviation 124.8335 269.7852
t0.025,18 = 2.101 t0 = 0.4599
t0 < t0.025,18 ? TRUE
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Table 8.11: t-Test of Two-VariablēNycrit,3 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 0.1479 0.1512
Variance 7.7058 x 10−5 4.1834 x 10−4
Standard Deviation 8.7783 x 10−3 0.0205
t0.025,18 = 2.101 t0 = -0.4794
t0 < t0.025,18 ? TRUE
Table 8.12: t-Test of Two-Variable Acrit,Ny,4 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 31.8093 32.9772
Variance 90.9482 117.8822
Standard Deviation 9.5367 10.8574
t0.025,18 = 2.101 t0 = -0.2556
t0 < t0.025,18 ? TRUE
Table 8.13: t-Test of Two-VariablēNycrit,4 Response Surface
n = 9 Simulation Data w-StackRSM Data
Mean 0.1392 0.1397
Variance 7.8995 x 10−5 6.9890 x 10−5
Standard Deviation 8.8879 x 10−3 8.3600 x 10−3
t0.025,18 = 2.101 t0 = -0.1470
t0 < t0.025,18 ? TRUE
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